We study the classification problem of singularities of function-germs with harmonic leading terms of two variables under the right-equivalence. We study the classification in the cases that the order of function-germs is at most 7. Moreover, we observe that the multiple actions of Laplacian appear for the classifications of such class of function-germs (Theorems 1 -3).
Introduction
In this paper, we study the classification of singularities of function-germs of two variables with a non-zero harmonic leading term under the right-equivalence.
We study the classification in the cases that the order of function-germs is at most 7. Moreover, we observe that the multiple actions of Laplacian appear for the classifications of such class of function-germs (see .
For example, we prove that singularities of functions with harmonic leading terms of order 5 are completely classified by the action of ∆ 3 to the term of degree 6.
Recall that a function h on R n is called a harmonic function if it satisfies the Laplace equation ∆h = 0, where ∆ = n j=1 ∂ 2 ∂x 2 j denotes the Laplacian. In this paper, we study singularities of functions of two variables x and y. Therefore we put ∆ = Recall that any harmonic function-germ on (R 2 , 0) is a real part of a halomorphic function on (C, 0).
Thoughout this paper, we use the notation for the harmonic polynomials of special type:
k , g k = Im(x + iy) k = Re(−i(x + iy) k ),
where i = √ −1 and Re (resp. Im) means the real (resp. imaginary) part. Let H k (R 2 ) denote the vector space of all homogeneous harmonic polynomialgerms from (R 2 , 0) to (R, 0) of degree k. It is known that H k (R 2 ) is spanned by f k and g k . In particular, dim R H k (R 2 ) = 2.
By the following propositon, we obtain the right-classification of harmonic polynomial space H k (R 2 ) \ {0}. This proposition provides the motivation to classify function-germs h : (R 2 , 0) → (R, 0) with harmonic leading terms with real variables under right equivalent. Proposition 1. Let h : (R 2 , 0) → (R, 0) be a harmonic function-germ, and k be a natural number. Suppose that the order of h at the origin is equal to k. Then h is right-equivalent to f k by a conformal diffeomorphism-germ
Proof. It is known that for every holomorphic function germ h i : (C, 0) → (C, 0)(i = 1, 2), they are holomorphically right-equivalent if and only if ord(h 1 ) = ord(h 2 ) (see [3] ). By considering real part of h 1 and h 2 , we obtain above statement.
Note that for any harmonic function-germ h and for any linear conformal transformation ϕ, h • ϕ is a harmonic function-germ.
where h k is a non-zero homogeneous harmonic polynomial of degree k and ord(R k+1 ) ≥ k + 1. If k = 1, since h 1 is a non-zero linear function, the classification of above function-germs is obtained by implicit function theorem i.e. h is right-equivalent to x.
If k = 2, since h 2 is a non-degenerate quadratic form, the classification of this class is obtained by Morse lemma i.e. h is right-equivalent to 2xy.
If k = 3, the singularity of h 3 is called D 4 . It is proved that h is right equivalent to x 2 y − y 3 . If k = 4, the singularity of h is of X 1,0 type (see [2] ). There exists a real number a 0 such that a 2 0 = 4 and h is right equivalent to x 4 − a 0 x 2 y 2 + y 4 (in fact, a 0 = −6) in our case.
If degree of leading terms is equal to 5, the singularity is called of N 16 type (see [2] ). There exists a real number a, b, c such that ab = 9, 4(a [2] , several invariants such as multiplicity and moduli number are studied for N 16 .
The following result gives the complete solution to our classification problem in the case k = 5:
(1) Any function-germ h = h 5 + R 6 : (R 2 , 0) → (R, 0) with nonzero harmonic leading term h 5 of degree 5 with ord(R 6 ) ≥ 6, is right equivalent to f 5 +R 6 for some function-germR 6 with ord(R 6 ) ≥ 6 by a linear conformal diffeomorphism-germ.
(2) For any homogeneous polynomial ρ 6 of degree 6 and function-germ R 7 with ord(R 7 ) ≥ 7, the function-germ f 5 + ρ 6 + R 7 is right equivalent to
where c = ∆ 3 ρ 6 ∈ R.
(3) For any c,c ∈ R, f 5 + cx 6 is right equivalent to f 5 +cx 6 if and only if c =c.
Other theorems (Theorem 2, Theorem 3) give pre-normal forms of functiongerms in our classes for k = 6, 7. These theorems give us hidden relations between singularities of functions of our type and actions of Laplacian of several times.
To state Theorems 2, 3 we recall basic terms of singularity theory. We define k-jet of h at the origin j k h(0) by the Taylor series of h : (R 2 , 0) → (R, 0) considered up to the degree k.
We say that two function germs h i (i = 1, 2) are k-jet equivalent (written
Theorem 2. (1) Any function germ
) with nonzero harmonic leading term h 6 of degree 6 with ord(R 7 ) ≥ 7 is right equivalent to g 6 +R 7 for some function-germR 7 with ord(R 7 ) ≥ 7 by a conformal diffeomorphism-germ.
(2) For any homogeneous polynomial ρ 7 of degree 7 and function-germ R 8 with ord(R 8 ) ≥ 8, g 6 + ρ 7 + R 8 is R 7 -equivalent to g 6 + c1
7! x 7 + c2 6!1! x 6 y where
(3) For any homogeneous polynomial ρ 7 , ρ 8 of degree 7 and 8 and function-germ
Theorem 3.
(1) Any function-germ h = h 7 + R 8 with non-zero harmonic leading term h 7 of degree 7 and ord(R 8 ) ≥ 8 is right equivalent to g 7 + R 8 for some function-germR 8 with ord(R 8 ) ≥ 8 by a linear conformal diffeomorphism-germ.
(2) For any homogeneous polynomial ρ 8 and fucntion-germ R 9 with ord(R 9 ) ≥ 9 g 7 +ρ 8 is R 8 -equivalent to
6!2! x 6 y 2 , where homogeneous
(3) For any homogeneous polynomial ρ 8 and ρ 9 of degree 8 and 9 and functiongerm R 10 with ord(R 10 ) ≥ 10, g 7 + ρ 8 + ρ 9 + R 10 is R 9 -equivalent to
4) For any homogeneous polynomial ρ 8 , ρ 9 , ρ 10 of degree 8, 9 and 10, g 7 + ρ 8 + ρ 9 + ρ 10 is R 10 -equivalent to g 7 + ρ 8 + ρ 9 + c 10! x 10 , where
To conclude this section, we introduce a related notion and we give a Corollary of our classification results.
Definition 1 (see [1] ). Let l be a non-zero interger. A function germ h : (
Note that we use notation "homogeneous l-harmonic polynomial of degree k" for l-harmonic function and homogeneous function of degree k.
Corollary 1.
Let h 5 be a non-zero harmonic polynomial of degree 5 and ρ 6 : (R 2 , 0) → (R, 0) be a homogeneous 3-harmonic polynomial of degree 6. Then h 5 + ρ 6 is right equivalent to h 5 .
Proof. Let ρ 6 be a homogeneous 3-harmonic polynomial with degree 6 i.e. ∆ 3 ρ 6 = 0. By Theorem 1 (1), there exists a rotation R θ : (R 2 , 0) → (R 2 , 0) and c ∈ R such that h 5 + ρ 6 and f 5 + cρ 6 are right-equivalent.
Since rotation preserve Laplacian, ∆ 3 (cρ 6 •R θ ) = c∆ 3 (ρ 6 ) = 0. Thus h 5 +ρ 6 is right-equivalent to f 5 by Theorem 1 (2).
If k = 6 or 7, we obtain statements similar to Corollary 1: Corollary 2. Let h 6 be a non-zero harmonic polynomial of degree 6. 1) Let ρ 7 be a homogeneous 3-harmonic function of degree 7. Then h 6 + ρ 7 is R 7 equivalent to h 6 .
2) Let ρ 8 be a homogeneous 4-harmonic function of degree 8. Then h 6 + ρ 8 is R 8 equivalent to h 6 .
Corollary 3.
Let h 7 be a non-zero harmonic polynomial of degree 7.
1) Let ρ 8 be a homogeneous 3-harmonic function of degree 8. Then h 7 + ρ 8 is R 8 equivalent to h 7 .
2) Let ρ 9 be a homogeneous 4-harmonic function of degree 9. Then h 7 + ρ 9 is R 9 equivalent to h 7 .
3) Let ρ 10 be a homogeneous 5-harmonic function of degree 10. Then h 7 + ρ 10 is R 10 equivalent to h 7 .
Proof of Theorems
To prove of Theorems 1 -3, we prepare some additional notation and statements. Let E n denote the ring consisting of C ∞ map-germs (R n , 0) → R and let m n ⊂ E n denote the ideal consisting of C ∞ map-germs (R n , 0) → (R, 0).
We say that h is R k -determined if h is right-equivalent to some germh with j kh (0) = j k h(0). We recall a sufficient condition of R k -determancy. For the proof, see [4] .
Proposition 2 (see [4]). Let h : (R
Proposition 3. Any two elements in H k (R 2 ) \ {0} are right equivalent by a conformal diffeomorphism-germ.
Furthermore,
2 is a conformal diffeomorphism-germ, first statement is proved. Let ϕ ∈ GL 2 (R) and suppose that
is k lines splitting plant to 2k parts for same angle.
There exists c ∈ R ≥0 s.t.
Therefore, we obtain the statement.
If k = 3 then f 3 = 3(x 2 y − xy 2 ). It is straightforward to obtain that
So, f 3 is R 3 -determined by using Proposition 2.
It is straightforward to obtain that
2 . Therefore by Proposition 2, f 4 is R 5 -determined. Furthermore for any homogeneous polynomial p of degree 5, there exists a diffeomorphism germ ϕ : (
Thus, we have that f 4 is R 4 -determined. For k = 5, 6 and 7, we can prove that g k is R 6 , R 8 , R 10 -determined for the same way.
Proof of Theorem 1. (1) By Proposition 1, there exists a linear conformal diffeomorphism-
•ϕ and ord(R 6 • ϕ) ≥ 6. So, by takingR 6 as R 6 • ϕ, we obtain a statement.
(2) We define a local diffeomorphism germ ϕ : (
. This ϕ is obtained by a following way: Let us consider the local-diffeomorphism ϕ(x, y) = (x + s 1 x 2 + s 2 xy + s 3 y 2 , y + s 4 x 2 + s 5 xy + s 6 y 2 ).
Consider equations which are obtained by setting that x 5 y, x 4 y 2 , x 3 y 3 , x 2 y 4 , xy 5 , y 6 terms of (f 5 + ρ 6 ) • ϕ are equal to zero. By solving the linear equiation of equation, we can determine s j (j = 1, 2, 3, 4, 5, 6) to find ϕ.
Then, by straightforward computation, we obtain
and
(3) By Proposition 3 and the procedure to construct the above diffeomorphism ϕ, all diffeomorphism ψ giving the right equivalence of f 5 + cx 6 and f 5 +cx 6 has the following form:
where, ϕ L is a composition of e 2πi k andz and ϕ is a diffeomorphism such that
Since ϕ L preserves Laplacian, we have
This proves Theorem 1.
Proof of Theorem 2.
(1) By Proposition 1, there exists a linear conformal diffeomorphism-
•ϕ and ord(R 7 • ϕ) ≥ 7. So, by takingR 7 as R 7 • ϕ, we obtain a statement.
( Then, by a straightforward computation, we obtain
Theorem 2 is proved.
Proof of Theorem 3.
(1) By Proposition 1, there exists a linear conformal diffeomorphism- Then, by a straightforward computation, (g 7 + ρ 8 + ρ 9 ) • ϕ ∼ = j 9 g 7 + ρ 8 + x Thus, we have Theorem 3.
